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Symbols used Syllabus outcomes addressed

Beware! Heed warning.
ME11-3 applies concepts and techniques of inverse trigono-

metric functions and simplifying expressions involving

Mathematics Advanced content.
compound angles in the solution of problems

Mathematics Extension 1 content.

. . ME12-4 uses calculus in the solution of applied problems, in-
Mathematics Extension 2 content. cluding differential equations and volumes of solids of
revolution

Literacy: note new word/phrase.

Formulae/facts must be memorised. Syllabus subtopics

LR SONONON -

Available on the NESA Reference Sheet.
ME-T1 Inverse Trigonometric Functions

R the set of real numbers

V for all ME-C2 Further Calculus Skills

o Gentle reminder
e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Additional questions from CambridgeMATHS Year 12 Advanced or Cambridge-
MATHS Year 12 Extension 1 will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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Learning intentions & outcomes

v ™ Content/learning intentions

[] 241

& Recognise increasing and decreasing functions.

[] 242

&3 Understand the difference between inverse relations and inverse functions.

[] 243

& Recognise the
> the inverse of an increasing or decreasing function is a function.
> the inverse of an increasing function is an increasing function.

> the inverse of an decreasing function is a decreasing function.

[] 244

& Understand how to generate inverse functions by restricting the domain of
the original function.

[] 245

Define and use the inverse trigonometric functions. (4 (ACMSM119)

¥ Understand and use the notation arcsin z and sin~! z for the inverse function
of sinz when —% < x < 7 (and similarly for cosz and tanz ) and under-
stand when each notation might be appropriate to avoid confusion with the
reciprocal functions.

Y Use the convention of restricting the domain of sin z to —5 < <7 ,sothe
inverse function exists. The inverse of this restricted sine function is defined
by: y=sin"'z, -1 <2 <1, and -5 <y<3.

> Use the convention of restricting the domain of cosz to 0 < = < 7 , so
the inverse function exists. The inverse of this restricted cosine function is
defined by: y =cos™ 'z, -1 <z <1,and0<y<m.

> Use the convention of restricting the domain of tanz to —5 <z < 5,80
the inverse function exists. The inverse of this restricted tangent function is
defined by: y = tan~! 2, x is a real number , and —5<y<73.

¥ Classify inverse trigonometric functions as odd, even or neither odd nor even.



https://www.australiancurriculum.edu.au/Search/?q=ACMSM119

™ Content/learning intentions

24.6  Sketch graphs of the inverse trigonometric functions.
> Graph transformations of the inverse trigonometric functions.

24.7  Use the relationships sin(sin"'2) = x and sin™! (sinz) = x , cos (cos™'x) =
r and cos™'(cosz) = z , tan(tan"'z) = x and tan~!(tanz) = x , where
appropriate, and state the values of x for which these relationships are valid.

24.8  Prove and use the properties:

P sin"!(—1) = —sin"tx d tan~}(—z) = —tan"lx
Y cosH(—x)=m —coslz > costrtsinTte=1%
24.9  Solve problems involving inverse trigonometric functions in a variety of abstract
and practical situations.
: o : : : : dy 1
24.10 Find derivatives of inverse functions by using the relationship s
Loy
24.11 Use any of the functions covered in the scope of this syllabus and their

derivatives to solve practical and abstract problems
¥ Tangents and normals
> Curve Sketching

2 Optimisation




™ Content/learning intentions

24.12  Solve problems involving the derivatives of inverse trigonometric functions
1

24.13 Integrate expressions of the form Jo = or — j_ = 2 (ACMSM121)
24.14 Calculate the area under a curve (4 (ACMMM132)
24.15 Calculate areas between curves determined by any functions within the

scope of this syllabus (4 (ACMMM134)

> Primitives which result in the inverse trigonometric functions in this case.
24.16 Use the Trapezoidal rule to estimate areas under curves



https://www.australiancurriculum.edu.au/Search/?q=ACMSM121
https://www.australiancurriculum.edu.au/Search/?q=ACMMM132
https://www.australiancurriculum.edu.au/Search/?q=ACMMM134
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]‘ Learnmg Goal(s) 50 EF S RS TS ST L AR MR CORtFC T A0 S S O A SO

......... .......... .......... 1 = e @ Understanding

iI= Knowledge
Properties of inverse functions Determining if a function has an The difference between inverse
relations and inverse functions

inverse function

& By the end of this section am | able to:
24.1  Recognise increasing and decreasing functions.

24.2  Understand the difference between inverse relations and inverse functions.

S b i -} 243  Recognise the (properties of an increasing/decreasing function and its inverse equivalent)

24.4  Understand how to generate inverse functions by restricting the domain of the original function.
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.......................... dyda’;
do " dy
f Thegoremi 1
Existence of an inverse function to f(z) over a specified domain: f(z) must be
J .. [ ene iR o R g e hwithin the - specified "domain. N ethod = of showimgrass .. ... ... SR SRS
functionis one = to  ome '
................ o Graphical. with & werded deserintion. of
......... , ...... ° Algebraically, ShOW that f(l‘) iS ......... , ......... ..........
......... ....... o always ...... 1ncreasmg ...... ; ie. f’(l’) > 0’ or ......... ......... ..........
................. 0 a)lWalyS “.“.‘.d‘e.C‘Il‘e.ziiS.i‘Il‘g.““.“ ,le fl(x) < O boeloessesssseteccsocsstonse’accss
......... ....... @Worded description: ......... ......... ..........
........ ...... Punction is always increasing or always ......... ......... ..........
....... decreasing ~ , thereforeis _ ome ~ to  one '
""""""""" therefore an inverse function exists over the specified domain.




e Bl

_____________________________ [2023 Ext 1 HSC Q14] Let f(z) =2z + Inz, for z > 0.
| 3 : | i Explain why the inverse of f(z) is a function. 1
""""" """"" """"" 1 ii.  Let g(z) = f~Yx). By considering the value of f(1), or otherwise, 7 .
' ' : : evaluate ¢'(2).
....................................... @T|medexampract|ce1(Allowapproxlmatelylmmute)
--------------------------------- [2024 CSSA Ext 1 Trial Q8] Given the function f(z) =e* 4 ex, v > —1.
( ) at (1,0)? Answers (B)

What is the gradient of the inverse function y =
-1

(©)

1
(A) e—1 (B) P




T gl

: : 2 : : :
e e [2021 Ext 1 HSC Q12] A function is defined by f(z) =4 — (1 - g) for @iim-the & ii--- oot oo

domain (—o0, 2].

i.  Sketch the graph of y = f(z) showing the z and y intercepts. 2

s b ii.  Find the equation of the inverse function, f~!(z), and state its domain. 3 S SR

iii. Sketch the graph of y = f~1(z). 1

Answer: y =2 — 2\/4 —z, (—o0,4]

......... .......... ...... Glmportantnote ...... ......... ......... ......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

A Don't just randomly select any solution arising from a quadratic! Always give a
reason why you're choosing one solution over another.

o S




e Bl

[2023 Ext 1 HSC Q9] The graph of a cubic function, y = f(z), is given below.

Y

EEsis SN :

........ .......... ......... . 0 \

=Y

Which of the following functions has an inverse relation whose graph has more than
3 points with an x coordinate of 17 Answer: (D)

o S

.............................. { NORMANHURSTBOYS’HIGHSCHOOL
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1.0.1 Additional questions

1. [2017 VCE Mathematical Methods Paper 2 Q4] (16 marks)
Let f:R—R: f(x) =2 — 2. Part of the graph of f is shown below.

)
3 1
2 .
1 1
——+— —F— x
-4 -3-2_-KK1 1 2 3
,,,,,,, o 4 -
_3 1
4+
(a)  (Modified to suit NSW syllabus) State the transformations required to 2
the graph of y = 2% to obtain y = 2*+! — 2.
(b)  Find the rule and domain for f~!, the inverse function of f. 2
(c)  Show that f(z) and f~'(x) intersect at (—1, —1), and hence find the area 3
bounded by the graphs of f(z) and f~'(x).
(d) Part of the graphs of f and f~! are shown below. 2
Y
‘ f
!
| .
% v
-2
\
!
!
!
!
\
!
I Y AR | =2
\
\
!
!
!
\

Find the gradient of f and the gradient of f~! at z = 0.

The functions of g;, where & € RT, are defined with domain R such that

g = 2e — 2.
(e)  Find the value of k such that gx(z) = f(z). 1
(f)  Find the rule for the inverse functions g, ' of gy, where k € R™. 1

NORMANHURST BOYS’ HIGH SCHOOL
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(g) (Modified to suit NSW syllabus)

1. State the transformations required that transforms the graph of ¢ 1
to the graph of gy.
ii. State the transformations required that transforms the graph of 1

g1~ ! to the graph of g, '

(h)  Omitted due to content not in NSW syllabus.

(i) & Let p be the value of k for which gj(z) = g, () has only one solution.

i. Find p. 2
ii.  Let A(k) be the area bounded by the graphs of g; and g, ~! for all
k> p.

State the smallest value of b such that A(k) < b.

Answers
(a) Translated 1 left and 2 down. (b) f~!(z) =logy(z+2)—1 = s In(z+2)1 (c) =3 +3 (d) f/(0) =2In2, (f~1) (0) = 515
() k = 1n2 (f) gr '(z) = %ln (L;ﬂ) (g) i. g(z) = 2¢* — 2, gp(z) = 2¢F® — 2. Dilation of a factor of % from the y axis.

ii. Dilation of a factor of % from the z axis. (h) Not in syllabus. (i) i. p = % ii.b=4

:= Further exercises

Ex 17A (Pender et al., 2019a)
o Q15-17, 18-20

NORMANHURST BOYS’ HIGH SCHOOL



Section 2

Inverse trigonometric functions

“s Learning Goal(s)

= Knowledge £ Skills ¢ Understanding

Properties of inverse trigono- Operate with the inverse Properties of inverse trigono-

metric functions trigonometric functions metric functions can be derived
from the original trigonometric
function

@ By the end of this section am | able to:
24.5  Define and use the inverse trigonometric functions

24.6  Sketch graphs of the inverse trigonometric functions.

24.7  Use the relationships sin(sin ™' z) = z and sin™' (sinz) = z , cos (cos ™" ) = x and cos™ ' (cos z) = ,
tan (tan~' x) = z and tan™ ' (tanz) = z, where appropriate, and state the values of = for which these
relationships are valid.

24.8  Prove and use the properties

24.9  Solve problems involving inverse trigonometric functions in a variety of abstract and practical situ-
ations.

2.1 Graphs of inverse trigonometric functions

)
Y = COST
-3 - s 3T 5w
SN T S P 4 2 2 2
-1 +
y =sinx and y = cosx are ~ many to one  functions, thereby fails to have
an inverse function.
Solution
(# Fill in the spaces
e Restrict the domain of y = sinz and y = cosz so
that they become one to one (or monotonic

increasing/decreasing) to obtain an inverse.

e Want first quadrant values (in termsldf 7) included for simplicity.
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2.1.1 Inverse sine

e Restrict y =sinx to between z = —7  tox= +7
(monotonic increasing . )
Y
7
4
7
7
T 1 //
? Sy=sinz, CRSESS
_ A
It | | I | | |
1 1 1 | T 1 | 1 T
2 2 2 2 2 2
//
T
2 T 2
Ve
e
e
Ve
e Domain/range:
© Dy= . © Dyi= .
© Rp= .. © Rpi= .
e Draw graph of inverse on grid
A y=sin"'z (or y = arcsinz) is not the inverse relation to y=sinz ; rather it is
the inverse function to y=sing  for TISES g
e Draw general graph (diagrammatic) of y = sin™' z:

NORMANHURST BOYS’ HIGH SCHOOL



16 GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS

2.1.2 Inverse cosine

e Restrict y = cosz to between x = 0 tox = 7

(monotonic decreasing . )

)

4
4
7
Ao .
4
7
4
7
1@ 2
2 ’
4
- X Y = COST 0<z<nm
e _ ) P T T .
| | | | < " \\ | : |
—+57 —3m 4 =7 ' T 3 5m
T | T T 2 |7 3 m 2 2 2
7/
7
/7 —
7
e Domain/range:
© D= . © Dpi= .
e Rf B 0 Rf—l B
e Draw graph of inverse on grid.
A y = cos tx (or y = arccosz) is not the inverse relation to y=cosr ; rather it

is the inverse function to Y = COS T for | 0<z<m

e Draw general graph (diagrammatic) of y = cos™! z:

NORMANHURST BOYS’ HIGH SCHOOL



GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS 17

2.1.3 Inverse tan

e Restrict y = tanx to between v = —5  tox= 7
(monotonic increasing . )
)
i Lo i Lt i
1 A 1 ’ 1
1 1 ¢ 17 1
' ' r ¥ l
| | 41z
I I 2 / 2l I
i i dRRE i
| 1 | |
IESaEaSa" aSRasts H—
—B ] - * 3
AR RARa AR i i 7 AR RGN (ARRH AR )
i 7 i i
I 3 / L= 1 I
1 71 / 2 1 1
T P2 I o T T
: Zamas; ¢ y=tanw, T2 STSg
I r I I . I Frd
e Domain/range:
© Dy= . © Dji= .
© Rr= © Rpi= .o
e Draw graph of inverse on grid.
A y=tan 'z (or y = arctanz) is not the inverse relation to y=tanz ; rather it
is the inverse function . to y=stenz for TESES AL

e Draw general graph (diagrammatic) of y = tan™! z:

NORMANHURST BOYS’ HIGH SCHOOL



............... 8 ... @GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS . . . .

T gl

[2022 Ext 1 HSC Q13] A The function f is defined by f(z) = sinz for all real
numbers z. Let g be the function defined on [—1,1] by g(z) = arcsin .

Is g the inverse of f7 Justify your answer.

o S




.............................. .G’B.A.PH.S.Q.F..WYE.RSE..TWGQNQM@TWQ.FUN.QT?QN.?,.........‘....,,........u...,,........‘....,.........“....,,........‘....,..............,.......‘.‘...,.....
......... .......... 214 ..... CUI'VE sketchmg .....................
. T Example NI 0
5 5 : -} Sketch the following curves:

| ; : 1. y=sin"'2z 4. y=icos !(2z+1)

......... ......... 2. y=2COS_1$ 5. Ay—QCOS 3x_2)+1 ...................

o : : oy .
................................ 3. y=gtan %
........................................ OImportantnote
______________________________ Tip Change the axes and scale as needed, instead of changing the shape of the =~
graph.

o S




............... 20GRAPHSOFINVERSETRIGONOMETRICFUNCTIONS
........ .......... L é'Timéd"ex;am'p;’actic;e"2"(;MIOV\'r%'ap‘pr;oxi'métely"il"mir;mt'e)'; ........ b, e ......... ......... ..........
................ [2024 Ext 1 HSC Q5] Consider the function g(z) = 2sin™" (3x).
_______________ Which transformations have been applied to f(x) = sin™! x to obtain g(x)?
1 1
(A)  Vertical dilation by factor of 5 and a horizontal dilation of -
1
______________ (B)  Vertical dilation by factor of 5 and a horizontal dilation of 3
5 : 1 : : :
JRR . (C) Vertical dilation by factor of 2 and a horizontal dilation of 3 i S S
________________ (D)  Vertical dilation by factor of 2 and a horizontal dilation of 3

0 . 0 0 0 0 0

. : [2010 CSSA Ext 1] (2 marks) By considering the graph of y = sin™! x or otherwise, _ : _
s o show that the equation sin™' z + 2 — Z = 0 has only one real and positive root. ST S SN

o S




GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS 21

2.1.5 Additional questions

1.

Sketch the following graphs:
(a) y=3sin"'3z—1 (b) y=3tan"'Z

[2021 CSSA Ext 1 Trial Q5] Which of the following function has a domain [1, 5]
and range [1,4m + 1]?

(A)  f(z) = 2sin~! (%‘3) +1 (C)  f(z) = dsin~! <xT_3) +1

(B) f(z)=4cos™! (%”) +1 (D) f(z) = 2cos™! (xT_3> +1

[2022 CSSA Ext 1 Trial Q7] Which of the following is an odd function?

(A) a(z) = g +eosl o (C) efz) = g +cos™I(1 — 2)
(B) b(x) = g —cos tz (D) d(x) = g —cos H(1 —x)

[2020 Ext 1 HSC Sample Q10] The graph of the function y = sin™'(z — 4) is
transformed by being dilated horizontally with a scale factor of 2 and then translated
to the right by 1.

What is the equation of the transformed graph?

(A) y=sin! (‘” - 9) (C) y = sin~!(20—6)

(B) 1y =sin"! (” S 10) (D) y =sin~!(2z—5)

[2021 Independent Ext 1 Trial Q13]

i. Find the domain and range of the function y = cos™! (:c ; 1) — g 2

il. Sketch the graph of the function y = cos™* ? ; Ly g showing clearly 2
the coordinates of any endpoints and intercepts on the coordinate axes.

iii.  Describe a transformation of the graph of the function 1
y = cos ! (m ; 1) — g that would change it into the graph of an odd
function.

NORMANHURST BOYS’ HIGH SCHOOL



22 GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS

6. [2022 Ext 1 HSC Q9] A given function f(z) has an inverse f~!(z).
The derivatives of f(z) and f~1(x) exist for all real numbers .
The graphs y = f(z) and y = f~'(x) have at least one point of intersection.

Which statement is true for all points of intersection of these graphs?

(A) All points of intersection lie on the line y = x.

B) None of the points of intersection lie on the line y = .

(B)
(C) At no point of intersection are the tangents to the graphs parallel.
(D)

At no point of intersection are the tangents to the graphs perpendicular.

Answers

1. Check with online graphing tools. 2. (B) 3. (B) 4. (A) 5. i. D =[-1,3], R = [-%, Z] ii. Check with online graphing tools
ili. Translate horizontally to the left by 1 unit 6. (D)

= Further exercises
Ex 17C (Pender et al., 2019a)
e Q1,2,3,6

i= Further exercises (Legacy Textbooks)
Ex 1C
e Q1-15

NORMANHURST BOYS’ HIGH SCHOOL



96 Harder graphs

g TEEAmRRT
| : : éSketchy:sin (sin_1 :r:) ;

1.  Write down domain/range of inner & outer functions:

2.  Draw chain diagram, noting range of inner function becomes domain

of outer function:

........ .......... ......... g CE.ONS OO ELOOS PSS OTH SCE SO0 O0S O0S SO0 00t MISISES 0 08 MOE 008 ott SO 08 s SR Or IS S ..........

o S




g Eéxampzle 10 -

o S




O Bl

Sketch y = cos™ (cos )

ﬁ Example 12

o S




26 : : : : : : : : : GRAPHS OF INVERSE TRIGONOMETRIC FUNCTIONS

......... .......... L "s“Eéxamp;Ie‘l@ ........ e S S b e, e b, i, ......... ......... ..........

| : [2019 Ext 1 HSC Q9] Which graph best represents y = cos™!(— sin x), : : :
T T

for —— <z < -7

or—o <z <

A.

yi
71'_

v

T —

O | N —

=Y

N | N4

=Y

yi

v

SN

=Y

SRR

=Y

Ex 17C (Pender et al., 2019a)
e Q7-11

..................

..................................

........ o éE Further exercises (Legaéy Teitbooks)
| : Ex 1C




......... .......... ........... 22 44444 Propertles Of Inverse trlgonometrlc functlons ..... .......... ......... ......... ......... ..........

- & Laws/Results

Inverse trigonometric functions produce angles  in the following quadrants:
Function | Quadrants
smz | Fist and'  megative first
costw | Fist and second
tan™"z | Fist and® negative first
° Negative first 7 quadrant: y € [, 0]
e Fist  quadranti y € [0,
e . Second quadrant: y € [F, ]

Check the range of the graphs of the inverse trigonometric functions on pages 15, 16
and 17 respectively.

1. sin! \/7?: 3. tan’! <_\/L§) 5. cos! (—\%)
1 V3 =i 1
2 cos (—7) 4 sin (—75)

..........................................................................................................................................................................................................................




T gl

Evaluate, writing as an exact value:

. ......... ....... Evaluate, Writing as an eXaCt Vahle . ......... \ ......... ..........

--------- ~~~~~~ 1. sin (COS_l (_%)) 3. cos ™t (COS ‘%") 5. tan—! (tan %") ......... ......... ..........

2. sin7! (sin %) 4. cos~! (cos 7—“) 6. sin! (sin 5—”) --------- --------- ---------

o S




O Bl

[2007 Ext 1 HSC Q5] Find the exact values of x and y which satisfy the simulta-

neous equations

JRNE b i 3 - o
1 1 1 1 sin :c+§cos Yy =

w3

2
3 =1 = -1 pildaseiad
sin” "~ x 5 cos Yy 3

o S

NORMANHURST BOYS’ HIGH SCHOOL



222 Triangle problems

: o Imbortaht note

A Draw picture !

......... ......... ...... “ Example18 .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

11
5

Evaluate sin (cos_ ), writing as an exact value.

Evaluate sin [cos™ 2 + tan™" (—22)], writing as an exact value. Answer: — 32

o Eampe20
| 5 Find the exact value of cos (2 sin™! (—%)) Answer: -~ 5 5 5

o S




......... .......... .......... .............. | ..... E xample22 ......... e e o N e e s e e e ..........

......... .......... ........... Flnd the exact Value Of tan— 11 _|_ tan— 1 % Answer: & ooieee- ..........

?‘ Example 23

Prove that sin~!z + cos™ 'z =

......... .......... .......... 3 ...... Further eer’Clses ......... EEPRTEREE FREREFERES FERERSRRTE L CERRERERY! [ERERTRE ERRER R T REE SRTETRS EEPEEIREE [ERERPRRRS ..........

Ex 17B (Pender et al., 2019a)

e 027, 4 14

éE ﬁurthér exercises (Leéacy ':I'extbiooks):
| : ; | Ex 1B (Pender et al., 2000) :
, ......... , ......... .... ° QQ, 4_23 ........ ..........




, ......... ..... 2 2 3 ..... Identltle.s

i ]‘ Example 24

Show that

R ]‘ Example 25

[2010 CSSA Ext 1] Find an expression for y in terms of z if for z > 0 and y > 0,

tan~ 'z = tan~* Y+ %

ity 7% Example 26

Prove 2cos™! x = cos™! (222 — 1).

................................................................................................................................................................................................................




PROPERTIES OF INVERSE TRIGONOMETRIC: FUNCTIONS : : : : : : : © 33

[2024 Ext 1 HSC Q14] A (3 marks)
| : : | i 8 Explain why the equation tan~!(3z) + tan~'(10z) = 6, where 1 :
......... .......... ......... . Y, B 0 < , has eXaCtly one SOlutiOIl. ........ ..........

_371'
i

......... ......... ii. Solve tan_l(?,x) + tan_l(l()x)

o S

?lVIark?ing c 'teriéa

1 . / . [1] Prox%ides cérrect éxplanétion

, ......... , ......... ......... ._ii' ...... J ..... [11 .. Obtains Correct q‘uad];‘a,’t,'lc equatlon for 1'7 01‘ equi\ialent merit . .......... ceemens . ......... . ......... , ......... ..........

v [2] Provides correct solution :

................................ NORMANHURSTBOYS’HIGHSCHOOL
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PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

2.2.4 Additional questions

1. [2023 Ext 1 HSC Q5] Which of the following is the value of sin™! (sina) given that
T
<a< —"7
T<a<
(A) a-—m (B) m—a (C) a (D) —a
2. [2023 Ext 1 HSC Q7] Which statement is always true for real numbers a and b
where —1 <a <b <17
(A) seca <sech (C) arccosa < arccosb
(B) sinta<sin'b (D) costa+sin'a<cosT'b+sinlh
3. [2009 Independent Ext 1 Trial] If cos™' 2 —sin~ ' z = k, where -7 <k< 37”, show
that x = \/LE (cosg — sin g)
4. [2011 HGHS Ext 1 Trial] It is known that sin"'z, cos™'x and sin™'(1 — z) are
acute angles.
(i) Show that sin (sin™' z — cos™ z) = 2z% — 1. 2
(ii) Hence or otherwise, solve the equation 2
sin™'z — cos™'z = sin (1 — z)
giving your solution(s) as exact values.
Answers

1. (B) 2. (B) 3. Show 4. ¥17=1

4

= Further exercises

Ex 17B (Pender et al., 2019b)

e Q8-13
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Section 3

Differentiation of Inverse Trigonomet-
ric Functions

‘{s Learning Goal(s)

= Knowledge £ Skills @ Understanding
How to differentiate the inverse Using the chain rule to differen- When to apply differentiation
trigonometric functions tiate techniques from Mathematics
Advanced
By the end of this section am | able to:
. o . . . . . d 1
24.10 Find derivatives of inverse functions by using the relationship d—y ==
xXT ==
dy

24.11 Use any of the functions covered in the scope of this syllabus and their derivatives to solve practical
and abstract problems

24.12 Solve problems involving the derivatives of inverse trigonometric functions

3.1 Derivatives of sin”' z, cos™!z and tan! z
&, Laws/Results

d . 1
— (sin~ = S 12.1
wt = vizwlo .
d ] 1
il - = — 12.2
= vizzo e
d . 1
e (tan~'z) = T 22 (12.3)

35



DERIVATIVES OF sin~ !z, cos™ !z AND tan™!z

Steps

d . 1\ _ 1 )
Proof of T (sm a:) = m

1. Let y =sin~!z. Change subject to x:

2.  Draw right angled triangle to represent situation:

d
3 Findd—;:
dy dx
4. Use ¥ <22 _ 1.
5 e

“s Example 27

d 1
Following the same steps, give a proof of why %(cos_1 x) = _ﬁ and
2 (tan~! z) L
— (tan™'z) = .
dx 1+ 22

“s Example 28

Differentiate:

1. y=4sin"'2z 2. y=cos”

NORMANHURST BOYS’ HIGH SCHOOL



DERIVATIVES oF sin~!

T, cos” Ly AND tan. T

Differentiate with respect to x:
1. 22%sin'z 3.

tan (cos L \/_ )

(Inz + cos™! 2z)*

o S

x _m:zq :z-t,-:[ z T—T (x—1)z N2y gzv-—[ : : a_IAg
8”59)93/\ ..... Q/Xv(zﬁ—f) (.x.Z..I..S.O.D..'.’_..x..I.II).T?.,.8....19 — g @ wsa f = 3......1...99.9.«%8.?‘?’...




88 SR T T T A R .. DERIVATIVES OF sin”_ &, cos” ' AND tan” 'z & 0

S S A @TimEdexampractice4(AllowapmeimatE|y5minuteS) ......... .......... ......... ......... e,
[2024 Ext 1 HSC Q14]

| : function f(z) = — 1
: : T

(3 marks) For what values of the constant & would the

+ arctan z have an inverse? Answer: k € [-1,1]

................................................................................................................................................................................................................

""""" / “[1]"Recognises that; f(z) 1

ccogriises that f(#) needs to be monotonically increasing or monotonically decreasing, ot equivalent
, ......... , ..... / [2] 9 Orre(}tly Comp,letes One Of t-WOC&SQS, Oréquival’entmerit ...... . ......... , ......... .......... . ......... ., ......... B




...  APPLICATIONS OF DIFFERENTATION . .= SRRV NN NN ST VOO RO UL N I 39

......... .......... g"“"'”‘§3'.'2"'é'Appilicatgionsé'of"(fifferéntai:'iO'n"g .......... ......... ......... .......... ......... ......... ......... ..........

321 Equation of tangert/Mormal

iy T Bxample30

Find the gradient of the tangent to y = sin™! 22 where z = 0.

Find the equation of the normal to the curve y = x tan™! x at (1, %)
Answer: 16z +4(2+ )y — 27 — 12 — 16 =0

o S




............... A0 ... .. .. ... . APPLICATIONS OF DIFFERENTATION . . . .

822 Curvesketehing

o, T Eemplesx2

1
[2010 Ext 1 HSC] Let f(z) =tan 'z + tan™! (—) = ()
X

_________ ...... (i) By differentiating f(x) or otherwise, show that f(x) g for z > 0. 3

(ii)  Given that f(z) is an odd function, sketch the graph of f(x). 1

o S




...  APPLICATIONS OF DIFFERENTATION . .= SRRV NN NN ST VOO RO UL N I AL

L 1LV 0 W0 0 0 O O OO O 0 0 0 0 O

[2011 NSGHS Ext 1 Trial Q6]

i.  Determine the gradient of the tangent to the curve y = tan™! (%) at 2
o= O i i i

ii.  Hence find the equation of the tangent at that point. 2 :

iii. Discuss the behaviour of the curve as z — oco. 1

o S




............... 42 ... ... . .. .. ... . APPLICATIONS OF DIFFERENTATION . . .

<@ Timed exam:practice 5-(Allow approximately 11 minutes) -~~~ -t

V1 — x?

......... ....... [2020 Ext 1 HSC Q13] Suppose f(%) st tan(cos—l(x)) and g(x) e " . ......... ......... ..........

The graph of y = g(z) is given.

8

i.  Show that f'(z) = ¢'(z). 4

ii.  Using part (i) or otherwise, show that f(z) = g(z).

o S




......... .......... Markmgcrlterla ........ ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

1 / [1] Attefmpts c}ne deﬁivativé, or eqéuivalelﬁt merift _ -
V" [2] Obtains one correct derivative or attempts both, or equivalent merit :

T S i .....¥...[3]. Obtains one correct derivative and makes some: progress. towards. obtaining. the: other; or . .

equivalent merit

......... ......... ~/ ..... [.4%].4.P.IQV?‘.i.dQS.QQIIQCE.éQlutiinI. ........ ......... .......... ......... ......... .......... ......... ......... ......... ..........

ii. v 1] Observes that f(z) = g(z) = 0; or equivalent merit

, ......... , ......... ../ ..... [21P1‘0Vides acorre(}t SOIutiOn for'onepart Of the domain’ O'requivalentmerit’ ......... . ......... , ......... ..........




44 APPLICATIONS OF DIFFERENTATION

3.2.3 Additional questions

1

1. Find the equation of the tangent to y = (sin_l x)g where © = 3.

2. [2002 Ext 1 HSC Q5] Consider the function f(z) = 2sin™!/z —sin~!(2z — 1) for

0<z<1.
i. Show that f'(z) =0for 0 <z < 1. 3
ii. Sketch the graph of y = f(x). 2

NORMANHURST BOYS’ HIGH SCHOOL



‘APPLICATIONS OF DIFFERENTATION : : : : : : : : : : : 45

B3 Optimisation

oy EEampeds
| [2009 Ext 1 HSC Q7] A billboard of height a metres is mounted on the side of a
JRN b i -} building, with its bottom edge h metres above street level. The billboard subtends ... SRR

an angle # at the point P, x metres from the building.

U . . tan A — tan B
i | @ Use the identity tan(4 — B) = oty o show that - E—

ISR N U W PR O 0 0 O A O N
[0 T 0 W 22+ hia + h) g

(i)  The maximum value of § occurs when P 0 and z is positive. 3
x

Find the value of z for which 0 is maximum.

.........................................................................................................................................................................................................................
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825 Ratesof change

oy REEampeds
| [1995 3U HSC Q6] A long cable is wrapped over a wheel of radius 3 metres and
SR b s -] one end is attached to a clip at 7. The centre of the wheel is at O, and QR isa SN
| : : -} diameter. The point T lies on the line OR at a distance x metres from O. 5

cable

""""" """"" The cable is tangential to the wheel at P and @ as shown. Let ZPOR = 6 (in """""
: : : -| radians). 5

| ' ' -} The length of cable in contact with the wheel is ¢ metres; that is, the length of the '
444444444 .......... 4444444444 1 arc between P and Q TR Ry L e TERRR CRTTLUT- DOPE UUY PPPE PR FOPPE PRPS SRS PPPR ORI SPP POPE T IPPPE PREE FPPPS FOTTE SIPR PPP ..........

| : : i 3 :
444444444 .......... 4444444444 . (i) EXplain Why COS 9 A —. 1 ........ ..........
5 : : : T :

(i)  Show that ¢ =3 |:7T —cos™! <;)} o """"""

dl
| : : | (ili) Show that — = —L. 2 :
e SR e 3 dx BN T2 = Gl SR

| ; ; ; de ;
§ § § § What is the significance of the fact that e is negative? §
444444444 .......... 4444444444 . ‘/L‘ ........ ..........

(iv) Lets=/¢+ PT. 2

Express s in terms of x.

(v)  The clip at 7" is moved away from O along the line OR at a constant 2
speed of 2 metres per second.

Find the rate at which s changes when x = 10. Answer: Y91 ms—1




NORMANHURST: BOYS’ HIGH:SCHOOL




‘APPLICATIONS OF DIFFERENTATION : : : : : : : : : : : 49

[1997 3U HSC Q4] A searchlight on the ground at S detects and tracks a plane
P that is due east of the searchlight. The plane is flying due west at a constant
velocity of 240 kilometres per hour and maintains a constant height of 900 metres
above ground level.

P

09 km

S 0o

Let 6(t) be the angle of elevation of the plane at time ¢ seconds and let x(¢) kilometres
be the distance of S to the point () on the ground directly below P.

ST S R i PV VOO0 SO0 00 O U0 UV U0 00 S0 VO SO0 VOV SOV RO O U 00 L
| : : 3 ¢ Show that — = ——— 2 ;
B ' 19 oW Hd do sin? 4 '
"""""""""""""""""" (ii))  Show that the rate of change of the angle of elevation of the plane when 2
......... .......... .......... : 0="1s equal to o7 radians per second. ..........



. 3__246....M0t10n _____ e _________ ......... __________ ......... _________ ——

i & Example37
[2008 Ext 1 HSC Q3] A race car is travelling on the z axis from P to Q at a :
......... ....... constant vel()city V. ......... ......... ..........

A
®,

\
\
N
! S
' \
N
N

! N

e ) — ) R RTINS T
: . P 0 C Q . . :
|

X ——

A spectator is at A which is directly opposite O, and OA = ¢ metres. When the car

is at C, its displacement from O is x metres and ZOAC' = 6, with —g <0< g

......... ...... : do ol ......... ......... ..........

ii.  Let m be the maximum value of % 1

Find the value of m in terms of v and /.

1i. There are two values of 8 for which fl_f = % 2 .

Find these two values of 6.

o S
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Ex 12A  (Pender et al., 2019b)

e All questions

éE--Furthér--exe.:rcise-s:-w.»--é ......... L N e L L ST U R R L b,

o S

éE Further exercises (Legacy Textbooks)
Ex 1D




]‘ Learnmg Goal(s) | | | | | | | | | |

i Knowledge £ Skills Q Understanding
; : How to integrate expressions Using various integration tech- When to apply various integra-
SRR S which result in the inverse niques tion techniques from Mathemat- =i
, : trigonometric functions ics Advanced
......... ....... @ By:the -end: of -this:section  amt 4 -able £0z i+ i+ ror i f e

a
or
a? — 2 a? + x?

24.13 Integrate expressions of the form

24.14 Calculate the area under a curve

24.15 Calculate areas between curves determined by any functions within the scope of this syllabus

24.16 Use the Trapezoidal rule to estimate areas under curves

4. 1 S[mple mtegrals

................... — & Laws/Resols
,,,,,,,,,,,,,,,,,
1 -1 (z | | :
.................. ——— dr = bln(*)—l—o (16.1) i
................. . 21 = cos 1 (2) + O (6g)
a B R B 6id 8 B D BB B 6B Ba 860 B8 0s s
/aQ_Il_xzdx: stan™! (2) + C (16.3)




L LIV J0 00 00 0 O O OO OO0 0 0 O

Evaluate:

o S

NORMANHURST BOYS’ HIGH SCHOOL



54 : : : : : : : : : : : : : : HARDER INTEGRALS

42 Marder integrals
.y & Eampes - -

x
[JRAHS 1993 3U Trial] Evaluate /
x

.ﬁ_ E;xamp:Ie 41
[2010 NSB Ext 1 Trial]

2z
: : i Diff tiat
R = (i) flereniate 4 4+ 2

. 2 R R
SURTI S (11) Hence evaluate / S 2 T L
§ : o (4 SO :

o S
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O Bl

......... .......... .......... | (a) Differentiate x 553 YRR NUULIUUOE VOV UV SUUS NOUDSUOS UUS SUUOE U SOUOE SUUVESUUN OO OOS-SUON OOE SOVEIPUOS SOVPE SO OO ~~~~~~~~~~

(b)  Hence, find a primitive for sin~' .

......... .......... gExampie“ ......... o SR TS S S R o i S i L ..........

: : : : d :
SRR SRR ~§ [1993 Abbotsleigh 3U Trial] Find . (ztan®' 1) and henee show that il ... B
N 7 z

o S




, ......... ..... Quadraticsind.enominatOrS. ......... . ......... , ......... .......... . ......... , ......... .......... ‘ ......... . ......... , ......... ..........

o Trefmsfor?m qu&fmdratifcs in (éienorrfiinato?rs inté inteérandfs tha,té resenﬁble d?erivat?ive oﬁ sin ™!

and tanfl.

S L ——— / dx 5 1 S L S
: : valuate o 8 - 1 : : :
I 5" = 25 A= 2 o il Do :

1&" Example 45

3
Evaluate | —— duz.
/ V6x — 22

o S
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......... .......... .......... 4 '.'3"‘%'Apﬁlicatéionsf'of"ilé’lte'glé'atioﬁ ........ .......... ......... ......... .......... ......... ......... ......... ..........

e e 8L e PROBEIIS et s b

o, eemess

1
Find the exact area of the region bounded by the curve y = T2 the coordinate
x

axes, and the line x = 3.

""""" """"" """"" | [2001 Ext 1 HSC Q5] The sketch shows the curve y = f(x) where f(x) = 2cos™!
E : : | The area under the curve 0 < z < 3 is shaded. :
......... .......... .......... . y ........ ..........

-3 3

O
i Find the y intercept. 1

ii.  Determine the inverse function y = f~(z), and write down the domain 2
D of this inverse function.

_______ .......... .......... | iii.  Calculate the area of the shaded region. 2 .........




T il A

Find the area bounded by the curve y = 3sin™* ( ), the x axis and the line x = 4.

1

s b A The primitives of sin ™' z, cos™ z and tan™! z are not a part of the course. SR S SR

A Use y axis to assist where necessary.

o S
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[1993 JRAHS 3U Trial]

(i)  Neatly sketch the graph of y = sin™! z, stating its domain and range.

""""" """"" """"" | (ii) By considering the graph in (i) or otherwise, find the exact value of

sin”!'x dx

:3\
Wl

o S




R e e ’ls“Efxamp:le“S'Oi .......... SRS SR S e, S e, e, S i e o o
| [2019 Fort Street HS Trial HSC Q14] S

i.  Find % (x coslz —+/1— 332). 2

. : ii.  Hence, find the area between the curve y = cosx, the y axis and the 2 : : :
R _— lines y = 3 and y = 1. SR S T

o S
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432 Motion/Rates of change

oy T Eampest
| 5 5 | [Ex 9F Q9] As a particle moves around a circle, its angular velocity is given by :

1 .
b L+t S

......... ......... (a)  Given that the particle starts at 6 = %, find 0 as a function of ¢. ..........
| ®) Hewetdrsatucionoto. o

3
(¢)  Using the result from part (a), show that % <0< Zﬂ, and hence explain why

T
the particle never moves through an angle of more than 5

g | e 1o
A e Q1-20

.................................

......... ~ ......... “éEFurtherexercises LegaCyTextbookS ......... ......... .......... . ......... ......... ......... ..........

S i Ex1E
e 2, 3 last 2 columns o Q4-24




NESA Reference Sheet — calculus based courses

| | .“ [ ] NSW Education Standards Authority
N
N-SW HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT ]
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2

REFERENCE SHEET

Measurement Financial Mathematics

Length A=P(l1+r)

= i X 27r

360
Sequences and series
Area
A:ixmz 7;1=a+(n—1)d
360
h n n

Aza(a+b) SH=E[2a+(n—1)d]=5(a+l)

Surface area T = arn—l

A = 271r% + 27rh

all=r") alr*-1
A = 4nr? S = ( )= ( ),r;él
n 1-r r—1
Volume
1 s=—2|r|<1
V=—Ah 1-r
3
V= i71'r3
3
Functions Logarithmic and Exponential Functions
[12
o —-bx~Nb” —4ac log,a*=x= %8
2a
: log, x
3 2 _ A =
For ax’ +bx* +cx +d = O.b 08, % log,a
a+pB+y= - "
a = exlnu

c
aﬁ+0/y+,b’y=5
and aﬁy:—%

Relations
(x—h)2+(y—k)2=r2




Trigonometric Functions

SinA =
adj
A= lab sin C
2 \/5 45
a b c
= = 45°
sinA  sinB  sinC 1
% =d*+b*-2abcosC
2,52 2
a+b°—c
cosC=—— o
2ab 30
2
[=rf
A= %rzg M
1

Trigonometric identities

SecA = ,cosA#0
cos
1 .
cosecA=——-,sinA#0
sin A
cotd =S84 Gnax0
sinA

cos?x + sin’x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B — sinAsin B

tan(A +B) _ tanA + tan B
1—tanAtanB
If t=tané then sinA = 2
2 1+
’1_ 2
COSA = !
1417
tanA = 2
1-7

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A — B) —cos(A + B)]
sinAcosB = %[sin(A + B) +sin(4 - B)]

cosAsinB = %[sin(A + B) —sin(A - B)]

sin’nx = %(1 — cos 2nx)

cos®nx = %(1 + cos 2nx)

%, cosA:a—dj, tanA:ﬂ

Statistical Analysis

An outlier is a score

less than Q, — 1.5 X IQR
or

more than O, + 1.5 X IOR

Normal distribution

0
approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

-3 -2 - 1

E(X)=u

Var(X) = E[(X - u)] = E(X?) - 4

Probability

P(AnB)=P(A)P(B)
P(AuB)=P(A)+P(B) - P(AnB)
P(A|B) = M, P(B)#0

P(B)

Continuous random variables

X

P(X <x) =J J(x)dx

a
b

Pla<X< b)=J F(x)dx

a

Binomial distribution

P(X — I’) — ncrpr(l _p)n—r

X ~ Bin(n, p)

= P(X=x)

(n)px(l -p) 5 x=0,1,....n
X

E(X)=np

Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

y=uv

y=g(u) where u= f(x)

y =sin 7(x)
y=cos f(x)
y = tan f(x)
y=e/W

y=Inf(x)
y=a/®

y=log, f(x)

y=sin"" f(x)

y=cos™! f(x)

y=tan"' f(x)

Derivative

dy _ , n—1
A6

dy dv du
—=u—tv—
dx dx dx
dy _dy du
dx du dx
du dv
V——u—
dy _ dx dx
dx V2
d ,
2 = F7(x) cos £(x)
dx

L sin )
X

D () sec? £(x)
dx

dy - f'(x)ef(")

dx
&y _ ()
dx  f(x)

D' (1na) (x)a’ D
dx

dy __ f'(x)

dx  (Ina) f(x)

d_ W

dx l—[f(x)]2
& W
dx 1— [f(x)]Z
dy  f'(x)

dx 1+ f(x0)]

Integral Calculus

Jf’(ﬂ[f(ﬂ]"dx:

(8

J

—a

~

~

(/'(x)
/(%)

2n

f’(x)af(x)dx =

1
n+l1

where n # -1

F/(x)sin f(x)dx = —cos f(x)+c¢
ifo)cosf(x)dx::ﬂnfo)+c
ﬂf’(x)seczf(x)dx = tan f(x)+c
F)e’ D dx = o 4 ¢

T2 "2dx =In| f(x)|+c

)

+c
Ina

—f'(x) dx = sin_1M+ c
@ -[F(x0)]
S(x) 5 dx %tan_l@+c
a® +[f(x)]

L@+ 7o)+ 2 () + -+ 1

where a =x, and b=x,

[f(x)]n+l e

-1

I}




Combinatorics

|
"Pr= n!
(n—r)!
(”):"C _ n!
r r

r(n—r)!

n

(x+a)”=x"+(]

- n\ -
)x” 1a+-~-+( )x" a"+ ---

Vectors
‘Lj‘=‘x£+yj‘=dx2+y2

u-y =[ul[v|cosd = x5, + ;.
where u=Xxi+y,j

and y=x2£'+y22

r=a+Ai

1S

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'?
[r(cos 6+ isin 9)]” = r"(cos n@ + isinné)

— rneme

Mechanics

d*x dv  dv d(l 2)
j:—zv—z——v
dt= dt dx dx\2
x=acos(nt+a)+c
x=asin(nt +a) + ¢

X= —nz(x —c)

© 2018 NSW Education Standards Authority
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